Fourier expansions in the radial direction for unbounded ows expressed in a cylindrical coordinate system are proposed. By appropriate coordinate mapping and periodic extension in the r direction, periodic boundary conditions required by Fourier expansions and in nite di erentiability demanded by spectral convergence are established. Appropriate zero factors for the general Fourier expansions are given at the axis and at in nity in order to remove the numerical singularity at r = 0 and to satisfy all the boundary conditions. The e ectiveness of these expansions are demonstrated by the simulation of steady axisymmetrical vortex rings in ideal uid and the numerical simulation of the head-on collision of two coaxial, equal and opposite vortex rings.
Introduction
Spectral methods have been extensively utilized in large scale computation in meteorology, magnetohydrodynamics and turbulent ows 2{5, 8] . The key element of spectral methods is the choice of basis functions which depends largely on the boundary condition of the problem. Owing to its simplicity, popularity and fast algorithm, Fourier expansions have been most frequently used as basis functions. However, due to the requirement of periodic boundary conditions, its application range is severely limited.
The choise of basis functions depends also on the coordinate system in which the problem is conveniently described. For ows with some axisymmetry, a cylindrical coordinate system (CCS) is likely most appropriate. In the azimuthal direction, it is natural to choose Fourier series as a basis function. In the radial direction, for bounded ows, Chebychev or Legendre polynomials as well as Bessel functions 4] are possible choices. As for unbounded ows, only Hermite and Laguerre polynomials are applicable for in nite intervals 0; +1) and (?1; +1), respectively. Another approach is to use the above functions for bounded ow after applying a coordinate mapping which transforms the original in nite interval into a nite one. However, for all these orthogonal eigenfunctions, except Chebychev polynomials, no fast algorithm like FFT could be utilized, thus the computations with these basis functions are often ine cient and expensive.
Another di culty in the numerical computations in CCS is the numerical singularity at r = 0, due to the fact that some terms of the Navier-Stokes equations in CCS involve factors of the form r ?1 or r ?2 . However, this singularity is nonphysical and nonintrinsic, because a point on the axis is simply regular interior point of the ow eld and where no singularity is described in a Cartesian system. So it is possible to remove this numerical singularity if the asymptotic property of the 578 various functions at the axis could be carefully analyzed and appropriate spectral expansions are adopted.
This paper aims at proposing a spectral method for unbounded ow in CCS using Fourier expansions in the radial direction. General Fourier expansions, which could have spectral convergence, are given in order to automatically eliminate the numerical singularity on the axis and to satisfy the boundary conditions at the axis and at in nity. The validity of this method is con rmed by two examples.
Parity and asymptotic properties in CCS
In the next two sections, all the dependence on the axial coordinate z are temporarily ignored. On the (r; ) plane, all functions could be extended to the full plane according to the following rules:
A(?r; ) = A(r; + ) in which + is for any scalar and A z , while ? is for A r and A , with (A r ; A ; A z ) being three components of any vector in CCS.
In general, any ow quantities could be expanded into Fourier series in :
For an axisymmetric case, m = 0; for a circumferentially periodic case with wavelength 2 = , (where must be an integer), m = n , n is any integer. According to Lewis and Bellan 6] , if a function A is in nitely di erentiable at r = 0, then A m (r) could be expanded into a Taylor series in r:
A m (r) = r p X n=0 a mn r 2n (2) Various functions have the same parity as the integer p, of which the values are shown in Table I , and the order of zeros at r = 0 is not less than p. Now, let's discuss some asymptotic properties at in nity. For vortical ows, vorticity is usually con ned in a nite spatial region. In other words, the ow far enough from the origin could be considered as an inviscid potential ow, which might be thought to be induced by some sources distributed in a nite spatial region and the total amount of sources being zero. The uid at in nity is either still or moving with a uniform axial velocity. It could be shown that any ow quantities after deducting the uniform ow have the following asymptotic expansion as r ! 1, provided that it is in nitely di erentiable at in nity, (see appendix):
A m (r) = r ?q X n=0 b mn r ?2n (3) in which q is an integer given also in Table I , and the order of zeros at in nity is not less than q. 
As a result of (6), only if the extension is even for function d q+2j d q+2j with respect to = , namely, only if the extension for function ( ) has the same parity as the integer q, the extended function ( ) could be in nitely di erentiable on the whole real axis, i.e. being in the C 1 class, provided that the original function (r) is also in the C 1 class. From Table I it is noted that the parity of function is always opposite to that of integer q for all cases, that means that the extension of with respect to = must be even for odd functions, or odd for even functions and always having a wavelength of 4 . Then the Fourier expansions of the extended functions have spectral convergence and could be expressed as the following forms: = P a n cos(n + 1 2 ) for even functions = P b n sin(n + 1 2 ) for odd functions
Otherwise, if one uses the Fourier expansions (5) Because some terms appearing in the N-S equation system in CCS involve factors of the form r ?1 or r ?2 , numerical singularity might occur at r = 0. In order to remove this singularity, a zerofactor of order 2 at = 0 would best be separated from the expansions beforehand. Separating a similar zero-factor at = simultaneously is also allowable (if q > 1) and helpful for satisfying the boundary condition at in nity. Then the Fourier expansions could be rewritten into the following forms for even or odd functions, respectively: = 0 4 (3 cos 2 + cos 3 2 ) + (1 ? cos 2 ) P a n cos(n + where is an axial wavenumber, which means that an axially periodic array of vortex rings is assumed. Noting that the streamfunction induced by a vortex ring has zeros of only order one at in nity, i.e. q = 1, only zero-factor at = 0 is separated from the expansion. This expansion has spectral convergence.
Five types of function g( ) were selected to search for solutions. They all are equal to zero when < F, and as F 0, have the forms listed in Table II, Because these expansions are of the form of (5) having wavelength of 2 , the expansion for has convergence accuracy of only nite order. It is believed that if expansions of form (8) are adopted, the accuracy could be improved. 
Conclusion
We proposed a spectral method for unbounded ow in CCS using Fourier expansions in the radial direction instead of other orthogonal eigenfunctions. Its main advantage lies in three aspects. First, complicated calculation involved in other orthogonal eigenfunctions is avoided and the fast algorithm FFT can be utilized. Higher e ciency and higher accuracy could be obtained. Second, the numerical singularity occurring at the axis could be removed. Third, the boundary conditions 
